We investigate a new mechanism to create large curvature perturbations on small scales due to parameter resonance in a single-field inflationary model with a small periodic structure upon the potential. After reentering the horizon, the amplified curvature perturbations can lead to observable primordial black holes as well as stochastic gravitational waves. The mass of primordial black holes and frequency of the induced gravitational waves depend on the model parameters. The primordial black hole could constitute all dark matter or a fraction of dark matter in the Universe, and corresponding stochastic gravitational waves fall in the frequency band measurable for the pulsar timing array and the space-based gravitational wave detectors.
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Introduction.
The overdense regions in the early Universe could collapse gravitationally to form black holes [1] [2] [3] . Such black holes are usually called primordial black holes (PBHs) and they offer us an opportunity to explore the physics of the early Universe. Recently, PBHs have attracted a lot of attention and have been studied extensively [4] , since they can be the candidates for dark matter (DM) [5] [6] [7] [8] [9] [10] [11] , the seeds for galaxy formation [12] [13] [14] [15] , and even the sources of LIGO/VIRGO detection [16, 17] , depending on their mass and abundance, which can be constrained by plenty of experiments.
It is well known that the scalar perturbations can be the source of the tensor perturbations at the nonlinear order. If the scalar perturbations on small scales during inflation are large enough, they would lead to the formation of PBHs, when reenter the horizon. On the other hand, those large curvature perturbations, as source of the tensor perturbations, would result in an isotropic stochastic gravitational wave (GW) background observable today [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
Primordial curvature perturbations from quantum fluctuations during inflation can seed large-scale structure and explain the cosmic microwave background(CMB) temperature anisotropy successfully [28, 29] . On CMB scales the amplitude of the power spectrum of curvature perturbations is found to be around 2.2 × 10 −9 , however, on relatively small scales the constraints on the curvature perturbations are very loose [30] [31] [32] , the amplitude could be much larger, so that it is possible to form the PBHs when the large curvature perturbations reenter the horizon. While inflation is now regarded as a crucial ingredient in modern standard cosmology model, it is quite important to give constraints on curvature perturbations on small scales in order to identify a successful inflationary model, besides the constraints from CMB observations on large scales. The observations of PBHs and stochastic gravitational wave background provide such a possibility in the future to give further constraints on inflationary models.
In this paper, we consider a single-field inflationary model with a very small periodic structure upon the potential. Such a model can naturally arise from brane inflation and axion inflation [33] [34] [35] [36] [37] . In such a model, PBHs can be all of dark matter, or a fraction of dark matter in our Universe, depending on the model parameters. And the associated stochastic gravitational wave background could be detected by further GW detectors. For convenience, we set c = = 8πG = M Pl = 1 through the paper.
Parametric amplification of curvature perturbations. We firstly revisit how the primordial power spectrum of curvature perturbations is generated in the standard singlefield slow-roll inflation with a potential V (φ). Usually the comoving curvature perturbation R is used to characterize primordial inhomogeneities, and it's convenient to introduce a variable u = −zR, where z = aφ/H and the dot denotes a derivative with respect to the cosmic time t. The equation of motion for a Fourier mode u k is given by the Mukhanov-Sasaki equation [38, 39] : u k +(k 2 −z /z)u k = 0, where the prime denotes a derivative with respect to the conformal time τ .
The effective mass term, z /z, can be written as [40] 
(1) where ≡ −Ḣ/H 2 and δ ≡φ/Hφ. In the standard slow-roll inflation, and δ are less than 1 and can be assumed as small constants during inflation, which gives z /z = (ν 2 − 1/4)/τ 2 , where ν = (1 + δ + )/(1 − ) + 1/2. By setting the initial condition of u k (τ ) to be the Bunch-Davies vacuum, one can get the nearly scale-invariant power spectrum P R (k) = (H 2 /2πφ) 2 k=aH , which explains the measurements on CMB scales.
But in order to generate a non-negligible number of PBHs, the amplitude of curvature perturbations on small scales needs to be several orders of magnitude larger than the one on CMB scales. This can be achieved through several ways, such as running mass inflationary models [41] [42] [43] , multiple-field inflationary models [9, 44] , ultra-slow-roll inflationary models [45] or sound speed resonance [46] . In this paper, we propose a novel possibility in which curvature perturbations can be amplified by a small periodic structure in the inflationary potential.
For the purpose of demonstration, let us consider a simple model. Suppose there is a small part with a periodic structure in the inflationary potential as shown in Fig.1 , which can be written as
whereV is the single-field slow-roll inflationary potential, δV is a small contribution with a periodic structure to the potential, and δV V . ξ describes the magnitude of the structure, φ * characterizes the period of the structure, φ s and φ e denote the starting and ending point of the structure respectively, and
where θ is the Heaviside step function. This model can arise naturally in brane inflation [35] or axion monodromy inflation [36, 37] . We consider the case that the small periodic structure does not affect the background evolution, and focus on the period when the inflaton goes through from φ s to φ e (any quantity with subscript s means it is evaluated when φ = φ s except specific definition, likewise for subscript e). In this case,φ andV ,φ evolve with time slowly whileφ and δV ,φ oscillate with time fastly, where the subscript denotes the derivative with respect to φ. Therefore the Klein-Gordon equation of the inflaton can be divided into 3Hφ +V ,φ ≈ 0 andφ + δV ,φ ≈ 0, and this division is also validated by the numerical simulation. Thus φ ≈ φ s +φ s (t − t s ) is given by the background potentialV , and the potential δV givesφ ≈ ξ sin(φ/φ * )/φ * .
Note that H 1, because of this structure δV , the dominant term of the effective mass z /z in Eq.(1) is the last one, which gives
and the equation of motion of u k can be written as
On the small scales (k aH) which correspond to the scales with PBH formation, the Hu k term can be neglected, which gives
where
s . This is the Mathieu equation except A k varies with x, where the parametric instability may present for some ranges of k. In some parameter space, we have 0 < q 1, and the resonance bands are located in narrow ranges around A k ∼ n. Since the first band (A k ∼ 1) is the most enhanced band, in what follows we focus on this band.
For a given k mode, it will stay in the resonance band only if 1−q < A k < 1+q. A significant difference between Eq.(5) and the Mathieu equation is that A k slowly varies with x, which means the total time that a k mode can stay in the resonance band is finite, and is given by
where k s ≡ k * a s , k e ≡ k * a e , and t sk , t ek are the time that the mode enters and leaves the resonance band, which satisfy A k (t sk ) = 1 + q, A k (t ek ) = 1 − q. Eq.(6) can be easily understood with the help of Fig.2 . In the resonance band, u k grows exponentially with rate µ k which is given by
where (y) is the real part of y. Therefore during the period from t s to t e , u k can be amplified by
and the power spectrum of curvature perturbations can be written as
where A s is the amplitude of the power spectrum as in the standard inflation, and n s is the scalar spectral index at the pivot scale k p 0.05 Mpc −1 .
To study further, we consider the Starobinsky poten-tialV
where Λ = 0.0032 is set to match the CMB experiments and we set the e-folding number when the pivot scale leaves horizon as N CMB = 60 [47] .
We solve the Mukhanov-Sasaki equation numerically and the results are shown in Fig.3 . As we can see, the mode with k ≤ k s √ 1 − q or k ≥ k e √ 1 + q, such as k = 10 −0.3 k s or k = 10 0.3 k e , is not amplified because T (k) = 0 for this mode, but the mode with k s √ 1 − q < k < k e √ 1 + q, such as k = k s , k = k e , k = √ k s k e , can be exponentially amplified because T (k) = 0. The amplified ratio A(k) of the mode |u k | crossing the resonance band is shown in the bottom right panel of Fig.3 , where the blue solid line represents the numerical result while the red dashed line represents the analytical approximate result Eq. (8) . It is worth noticing that there is a plateau in A(k), this is because if
Another interesting thing is that there are some ripples in the plateau, which originate from the phase of u k when it leaves the resonance band, and may significantly affect the abundance of PBHs, since the mass function of PBHs is extremely senstive to P R as we will see in the next section. We leave the detailed discussions to the future work.
For simplicity, we use the analytical approximate formula of A(k), i.e. Eq.(8), to evaluate the power spectrum of curvature perturbations, and show the results of three sets of parameters (ξ, φ * , φ s , φ e ) in Fig.4 . due to the enhancement of the power spectrum of curvature perturbations on small scales. After leaving the horizon during inflation, curvature perturbations get frozen until reentry. The overdense regions with the average density larger than a critical value could collapse gravitationally into black holes. Usually the abundance of PBHs is described by the PBH mass fraction of horizon mass m H at the formation time, which can be written as an integration of the Gaussian distribution of perturbations 1
PBH formation. Now we study the formation of PBHs
where γ 0.2 is a correction factor [52] , ∆ c 0.45 is the critical density contrast above which PBHs will form [53] ,
is the variance of density contrast, wherẽ W (R, q) = exp(−q 2 R 2 /2) is the Fourier transform of a volume-normalised Gaussian window smoothing function, and T (η, q) = 3(sin y − y cos y)/y 3 with y ≡ qη/ √ 3 is the transfer function.
One can define the fraction of PBHs in the DM at present as [4] 
where g * ,form is the relativistic degree of freedom when PBHs form. It is found that the parameter space of the periodic structure of the inflationary potential is quite wide in this model. We calculate f PBH for three sets of parameters listed in Tab.I and show the results in Fig.5 . For the parameter set 4, PBHs with mass centered at 10 −12 solar mass may constitute all dark matter. PBHs from the parameter set 2 correspond to the case with the assumption that all black holes detected by LIGO/VIRGO are PBHs [24] . The fraction of PBHs in DM fPBH, produced by the periodic structure of the inflationary potential with the parameter set 2(blue), set 3(green), set 4(purple) in Tab.I. Here the constraints are from the extragalactic gamma ray background (EGγ [7] ), white dwarf explosions (WD [54] , see [55] for criticism), gravitational lensing events (HSC [56] , EROS [57] , OGLE [58] ), dynamical effects (SEGUE [59] ), and cosmic microwave background (CMB [60] ).
Induced GWs.
After reentering the horizon in the radiation-dominated epoch, scalar perturbations will inevitably lead to GWs at second order since they are coupled at nonlinear order [18, 19] . Thus the induced GWs due to the enhancement of power spectrum of curvature perturbations may be detected if the enhancement is large enough. In the conformal Newton gauge, the perturbed metric reads,
where Φ is the Newton potential, and h ij is the tensor perturbation. Expanding h ij (τ, x) as follows,
where + and × are two polarization modes, one can derive the equation of motion for h ij from the perturbed Einstein equation up to second order, and write it in the momentum space as
for each polarization, where H is the conformal Hubble parameter, P lm ij is the projection operator to the transverse-traceless part, and the source term T lm (k, τ ) is of second order in scalar perturbations,
This equation can be solved with Green's function method and one can calculate the power spectrum of this tensor mode P h from the two-point correlator of h k . Usually the stochastic GWs is described by its energy density per logarithmic frequency interval normalized by the critical density,
where the two polarization modes of GWs have been summed over, and the overline denotes average over several wavelengths. Using the relation between curvature perturbations R and scalar perturbations Φ in the radiation-dominated era, Φ = −(2/3)R, one can calculate the spectrum of induced GWs until the matterradiation equality. After taking the thermal history of the Universe into consideration, one can get the GW spectrum at present. In Fig.6 , we plot the energy spectrum of GWs induced from curvature perturbations with the parameter sets in Tab.I . Since the frequency of GWs depends on the comoving length scale at reentry, the induced GWs can be detected in the corresponding band of frequency. We find that the narrow peak of P R in Fig.4 results in a sharp peak of Ω GW , while the wide plateau of P R results in a plateau in Ω GW .
Conclusions.
In this paper we investigated the parametric amplification of curvature perturbations during inflation with a small periodic structure upon the potential, such a structure is common in axion and brane inflationary scenario. We found abundant phenomena which can be detected by future PBH and GW obsevations. The PBH mass and GW frequency depend on the comoving length scale at reentry, while the width of the PBH mass function and plateau of Ω GW depend on the duration of the resonant period. By choosing different parameters, The energy spectrum of induced GWs with the parameter set 2(blue), set 3(green), set 4(purple) in Tab.I. We compare them with the constrain or the sensitivity curves of GW detectors including EPTA [61] , NANOGrav [62] , PPTA [63] , SKA [64] , LISA [65] , Taiji [66] , DECIGO [67] , BBO [68] , KAGRA [69] , aLIGO [70] , ET [71] .
the PBHs with a sharp mass function can constitute all dark matter, or are a fraction of dark matter, like the case with the assumption that black holes detected by LIGO/VIRGO are primordial ones, and the energy spectrum of induced GWs can have a characteristic sharp peak or plateau.
Recalling that the power spectrum of curvature perturbations in Fig.4 is obtained from analytical approximation Eq.(8), the accurate power spectrum should be obtained from numerical calculations and has some ripples corresponding to the bottom right panel of Fig.3 , and there are peaks near k s and k e . Since the mass function of PBHs is extremely sensitive to P R , the mass function can have a similar multi-peak profile, which can be distinguished by future PBH detections. Furthermore, using this mechanism we can give constraints to the small periodic structure upon the inflationary potential. We leave these topics to further investigations.
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